Let p be a prime number and let F be a finite field of characteristic p. We investigate the interplay between the algebraic structure of the Grothendieck ring of finitely generated F[GL 2 (F)]-modules, and the existence of cohomological operators producing congruences modulo p between automorphic forms on definite quaternion algebras over a totally real field.
Introduction
Let F q be a finite field of cardinality q = p g . In this paper we study the interplay between (1) the existence of some identities in the Grothendieck ring of finitely generated F q [GL 2 (F q )]-modules, and (2) the existence of congruences modulo p between automorphic forms on definite quaternion algebras. We produce such congruences as maps between cohomology groups. Since our congruences change the weights of the automorphic forms but not the level, they will be called weight shiftings. Our interest on this subject is motivated by the weight part of Serre's modularity conjecture over a totally real field, as formulated by Buzzard-Diamond-Jarvis in [4] , and proved by Gee in [10] and [11] .
Some of the congruences between Hecke eigensystems that we obtain in the paper are known. The novelty of our results in those cases resides in our method, which is cohomological (as in [3] , [8] , and [20] , which deal with the elliptic case), and in the fact that, via suitable intertwining operators, we can exactly match the existence of weight shiftings between automorphic forms, with the existence of some relations in the Grothendieck ring of GL 2 (F q ). We show that these relations (that have the shape of Chebyshev polynomials) are sufficient to write down a presentation of this ring. (One obtains in this way a heuristic explanation of why some weight shiftings between automorphic forms exist, while others do not: with some exceptions in small weights, only congruences compatible with the structure of the Grothendieck ring are allowed).
Let us first look at the case of elliptic modular forms. For integers k ≥ 2 and N ≥ 5, with N prime to p > 3, denote by M k (N,F p ) the space of elliptic modular forms of weight k, level Γ 1 (N ), and coefficients inF p ( [22] , [23] ). The theta operator θ : M k (N,F p ) → M k+(p+1) (N,F p ) is a Hecke twistequivariant map induced on q-expansion by the derivation qd/dq and producing a weight shifting of p + 1. The Hasse invariant A : M k (N,F p ) → M k+(p−1) (N,F p ) is a Hecke equivariant map induced by multiplication with the Eisenstein series E p−1 and producing a weight shifting of p − 1. It is known that the Hasse invariant generates all the congruences modulo p between the q-expansions of modular forms with SL 2 (Z) level ( [22] , 3, Th. 2).
The Eichler-Shimura isomorphism translates the study of Hecke eigensystems of elliptic modular forms overF p of weight k and level Γ 1 (N ) into the study of the Hecke action on the group cohomology H 1 (Γ 1 (N ), Sym k−2F2 p ). In [3] , Ash and Stevens identify an avatar of the theta operator in the map induced in cohomology by multiplication with the Dickson invariant Θ p = XY p − X p Y. In [8] Edixhoven and Khare construct a cohomological counterpart of the Hasse invariant acting on weight two forms by studying a degeneracy map
A GL 2 (F p )-equivariant derivation D of F p [X, Y ] defined by Serre as:
is used in [20] to produce cohomological weight shiftings by p − 1 starting from forms of weight 2 < k ≤ p + 1 (Th. 3.4). The existence of the operators Θ p and D acting on modular representations of GL 2 (F p ) is also suggested by some identities discovered by Serre in the Grothendieck ring K 0 (GL 2 (F p )) of finitely generated F p [GL 2 (F p )]-modules ( [25] ). More precisely, set q = p g and for any non-negative integer k define the GL 2 (F q )-representation M k = Sym k F 2 q . After extending the definition of the M k 's for negative values of k using an Euler characteristic computation (Def. 2.2), Serre observes the following identity between virtual representations:
When g = 1, the weight shifting by p + 1 appearing in ( It was suggested to us by F. Diamond to look into generalizations of the above results to Hilbert modular forms. Let F be a totally real number field of degree g > 1 over Q, and let p be a prime unramified in F . To simplify the notation of this introduction, we assume that p is inert in F , with residue field F q . Working with geometric Hilbert modular forms over F -whose weights correspond to tuples k = (k 0 , . . . , k g−1 ) ∈ Z g -in [12] Goren defines g partial Hasse invariants, which induce weight shiftings by the vector (p, −1, 0, . . . , 0) and its cyclic permutations. Moreover Katz ([16] ) and Andreatta-Goren ([1]) define g partial theta operators inducing weight shiftings by (p, +1, 0, . . . , 0) and its cyclic permutations.
Motivated by the line of thought described earlier for elliptic modular forms, one can expected to find the following algebraic counterparts of these geometric operators: (i ) identities in K 0 (GL 2 (F q )) between virtual representations whose weights differ by (p, ±1, 0, . . . , 0); (ii ) intertwining operators between modular representations of GL 2 (F q ) producing weight shiftings by (p, ±1, 0, . . . , 0).
We discuss (i ) in Section 2. In particular, the following relation holds in K 0 (GL 2 (F q )) for all integers h, k, and i (cf. 2.5):
where superscripts indicate Frobenius twists. Notice that shiftings by the familiar weights (p, ±1, 0, . . . , 0) appear in the above formula. In Section 3 we discuss (ii ) and we show that, as for the case g = 1, the periods appearing in (1.0.3) correspond to weight shiftings arising from intertwining operators. For integers α, β such that 0 ≤ α ≤ g − 1 and 1 ≤ β ≤ g − 1, we define generalized Dickson invariants Θ β giving rise for non-negative integers k 0 , . . . , k g−1 to the GL 2 (F q )-monomorphism:
and to the GL 2 (F q )-morphism:
In Section 4 we combine these operators with some results of [6] and [3] on lifting Hecke eigensystems to produce congruences between automorphic forms. Suppose p is an odd prime. Let O be the ring of integers of the p-adic completion of F , and let D be a definite quaternion algebra with center F and split at p (recall we are assuming for simplicity that p is inert in F ). Denote by S τ (U,Z p ) the space ofZ p -valued automorphic forms on where the number of zeros between p r and ±1 equals r − 1. In particular, if we set r = 1 we recover the congruences produced in the geometric context by the partial Hasse and partial theta operators. As in the elliptic case, the methods of this paper cannot be applied to obtain parallel weight shiftings by p − 1 ∈ Z g for forms of weight k = 2, because of the irreducibility of the Steinberg module We conclude by observing that identity (1.0.3), whose validity was suggested by the existence of geometric weight shiftings, is sufficient to determine the ring structure of K 0 (GL 2 (F q )). This explains the heuristic that the algebraic structure of the Grothendieck ring dictates the existence or non-existence of congruences between automorphic forms.
Using Th. 2.7 we prove in Appendix A the following result, which for simplicity we state for SL 2 (F q )-representations:
There is an isomorphism of rings:
The polynomial f (X) gives the action of Frobenius on the canonical generator X of K 0 (SL 2 (F q )). It is interesting to observe that f (X) is a Dickson polynomial of degree p ( [5] ), and therefore it is the essentially unique degree p polynomial acting as a "universal Frobenius". More precisely, by a conjecture of Schur f (X) is -up to composition with rational linear polynomials -the only integral degree p polynomial inducing a permutation on infinitely many prime fields (Rmk. A.7).
In recent years there has been considerable focus on the study of weights in Serre-type conjectures for reductive groups G which are not forms of GL 2 (cf. work of Herzig [13] , Herzig-Tilouine [14] , Emerton-Gee-Herzig [7] , et.al.). We hope in future work to apply the ideas of this paper to such groups, exploiting the structure of the Grothendieck ring of G to produce congruences between automorphic forms.
Relations in the Grothendieck ring
Fix a rational prime p, a positive integer g, and set q = p g . Denote by F q a finite field with q elements and fix an algebraic closure F q of F q ; denote by σ the arithmetic Frobenius automorphism of F q . Let G denote the group GL 2 (F q ) and let M be a representation of G over F q . If n is any integer, σ n induces a map G → G. Composing this map with the action of G on M gives the latter a new structure of G-module, denoted M [n] and called the nth Frobenius twist of
Let M 1 denote the standard representation of G on F 2 q and for any positive integer k define M k = Sym k M 1 . We identify M k with the F q -vector space of homogeneous polynomials over F q in two variables X, Y and of degree k, endowed with the action of G induced by:
We set M 0 to be the trivial representation of G. Denote by det :
The irreducible representations of G over F q are all and only of the form ( [26] , §13):
where k 0 , . . . , k g−1 and m are integers such that 0 ≤ k i ≤ p − 1 and 0 ≤ m < q − 1. The tensor products in (2.0.7) are over F q , and the above representations are pairwise non-isomorphic.
We denote by K 0 (G) the Grothendieck group of finitely generated F q [G]-modules: it is the free abelian group generated by the isomorphism classes of irreducible representations of G over F q ([24] ). If M is an F q [G]-module, we also denote by M its class in K 0 (G). Moreover, we denote by e the image of det in K 0 (G). Tensor product over F q induces on K 0 (G) a structure of commutative ring with identity. We denote the product in the Grothendieck ring K 0 (G) by · or by juxtaposition.
In this section we present some identities between virtual representations of G.
Negative weights
First, we extend the definition of M k ∈ K 0 (G) for k < 0 in a way that is compatible with Brauer character computations, as done by Serre in [25] .
Let G = GL 2 as an algebraic group over F q , and let T ⊂ G be the maximal torus of diagonal matrices. Identify the character group X(T) of T with Z 2 in the usual way, so that the roots associated to (G, T) are ( 
Observe that W (λ) is an element of the Grothendieck group K 0 (G) of G, and that
with k any integer we have:
The canonical perfect pairing of G-modules:
leads to the following:
Tautologically, for any k ∈ Z we have in K 0 (G) the identity:
By slightly abuse of language, we call the integer k attached to M k the weight of the virtual representation.
Serre's identity
Fix an embedding ι : F q 2 → M 2 (F q ). Let Q p be an algebraic closure of the padic field Q p and fix an isomorphism between F q and the residue field of the ring of integers Z p of Q p . Denote the corresponding Teichmüller character by :
Using the above formulae, in [25] Serre observes the following identity, valid in K 0 (G) for any weight k ∈ Z:
Product formula
A computation with Brauer characters also shows that for any n, m ∈ Z we have in K 0 (G):
Frobenius twists
When g = 1, identities (Δ 1 ) and (Σ 1 ) are sufficient to compute the JordanHölder factors of any virtual representation M k (k ∈ Z). When g > 1 this is not true, as the above identities do not involve Frobenius twists. We have the following:
For any k ∈ Z we have in K 0 (G) the identity:
Proof. Fix an embedding ι :
We have:
Both these expressions are zero.
and this is also zero.
h and applying (Π g ) we deduce the following formula, valid for any k, h, i ∈ Z:
We summarize the identities described above: Theorem 2.7. Let q = p g and let k, n, m ∈ Z. The following identities hold in the ring K 0 (G):
Remark 2.8. Equations (Δ g ), (Π g ), and (Φ g ) are sufficient to compute the Jordan-Hölder constituents of virtual representations of the form
ki , for all k i ∈ Z. In particular, Serre's relation (Σ g ) is a consequence of the relations (Δ g ), (Φ g ), and (Π g ). In the appendix, we use Th. 2.7 to obtain an explicit presentation for the Grothendieck ring of finite dimensional
Intertwining operators
In this section we first recall some intertwining operators between G-modules considered in [3] , [8] , and [20] . Motivated by relation (Φ g ) of 2.5 and by [12] and [1] , we then define in 3.5 generalizations of such operators, which we apply in Section 4 to produce congruences between automorphic forms.
The periods q + 1 and q − 1
The irreducible complex representations of G = GL 2 (F q ) that are not onedimensional or twists of the Steinberg representation are of two types: the principal series representations, of dimension q + 1 and obtained by inducing to G regular characters of a Borel subgroup, and the cuspidal representations, of dimension q − 1 and characterized by the property that they do not occur as factors of a principal series. The two periods q + 1 and q − 1 appear in Serre's relation (Σ g ) of Th. 2.7. On one hand, this suggests the existence of intertwining operators between F q [G]-modules that shift weights by q + 1 and q − 1 respectively. On the other hand, Khare observed that this also suggests the existence of natural p-adic integral models of principal series and cuspidal representations of G, whose reductions (mod p) should coincide with the cokernels of the above intertwining operators. These facts are discussed in [3] and [20] , and we recall below the available results.
The period q + 1. Let k > q be an integer and let Θ
where η is the character of the upper Borel subgroup B of G, defined extending the character diag(a, b) → a of the standard maximal torus of G.
3.1.2.
The period q − 1. The period q − 1 is studied in [20] . The starting point is the G-equivariant derivation map D :
by Serre as: 
Proof. [20] , Th. 4.2.
Application to elliptic modular forms
We assume p > 3 and by a modular form (mod p) in this paragraph we mean the reduction modulo p of a form in characteristic zero, as considered by Serre ([23] ) and Swinnerton-Dyer ( [22] ). In this paragraph we assume
Let N ≥ 5 be a positive integer not divisible by p and denote by M k (N, F p ) the F p -vector space of modular forms for the group Γ 1 (N ) having weight k ≥ 2 and with coefficients in F p . The Hecke algebra T, generated over F p by the Hecke operators T l for l pN , acts on this space.
The theta operator θ :
Denote by E p−1 the normalized form of the classical Eisenstein series whose q-expansion is given by: −1) (N, F p ) , which is multiplication by the Hasse invariant.
In view of the Eichler-Shimura isomorphism, the study of Hecke eigensystems of (mod p) modular forms of weight k ≥ 2 and level N leads to the study of the eigenvalues of the Hecke algebra acting on the cohomology group
where
, and the action of T comes from the G-action on M k−2 as in [3] .
The weight shiftings realized on the spaces of modular forms by the theta operator and the Hasse invariant have cohomological counterparts. In [3] , Ash and Stevens identifies a group-theoretical analogue of the theta operator in the map induced in cohomology by the Dickson invariant discussed in 3.1.1:
Edixhoven and Khare identifies in [8] a cohomological analogue of the Hasse invariant in the case k = 2 by studying the degeneracy map
In 
there is a Hecke-equivariant embedding
and is the map defined in [8] if k = 0.
Proof. The first statement and the second statement for k = 0 are proved in [20] , Prop. 5.1; the second statement in the case k = 0 is proved in [8] , 2.
More intertwining operators
Recall that G = GL 2 (F q ) with q = p g . When g = 2, equation (Φ 2 ) of 2.5 suggests the existence of intertwining operators shifting weights by (p, ±1) and (±1, p). This is also compatible with the weight shiftings produced by partial Hasse invariants and partial theta operators acting on spaces of Hilbert modular forms for a quadratic totally real field (cf. [12] , [1] ). In this paragraph we define the expected generalizations of Θ q and D. Unless otherwise specified we assume g > 1. Moreover, all the tensor products considered below are over F q .
Generalized Dickson invariants. For integers
to be the element
β . If k, h are nonnegative integers, multiplication by Θ 
Moreover the classical Dickson invariant Θ
Proof. Assume α = 0. By (Φ g ) and (Δ g ) we have M [1] 
p−h−2 , unless h = p − 1, in which case only the first factor occurs. This proves the result for k = p − 1, as the Jordan-Hölder factors of det m ⊗M k ⊗ M [1] h and M k+1 ⊗ M [1] h+p are pairwise non-isomorphic. Assume now k = p − 1 and write M p = M [1] 1 + eM p−2 . Applying (Π g ) we obtain:
If h = p − 1, the above formula shows that none of the Jordan-Hölder factors of M p ⊗ M [1] h+p equals det
h . If h = p − 1, we have:
and det
2 we reach the same conclusion. β by:
We set
h+p g−β is a G-homomorphism, and it is injective if 0 < k ≤ p − 1 and 0 ≤ h ≤ p − 1. For k and α as above, the Frobenius twists of Serre's operator g−1 for 0 ≤ α ≤ g − 1 give rise to cohomological analogues of the partial Hasse invariants defined in [1] for Hilbert modular forms (cf. 4). Moreover, rewriting the identity (Φ g ) of Section 2.5 as:
we see that the weight shifting by (. . . , p, −1, . . . ) appearing above is sometimes realized by D Similarly to Prop. 3.7, the nonexistence of weight shiftings by a cyclic permutation of (−1, p, 0, . . . , 0) when g > 2 is a consequence of the structure of K 0 (G).
Congruences between automorphic forms
We apply the constructions of the previous section to obtain, via cohomological methods, weight shiftings for automorphic forms on definite quaternion algebras.
We begin by fixing our notation. Let F be a totally real number field of degree g over Q, and let p > 2 be a rational prime unramified in F . Denote by O F the ring of integers of F and write pO F = r j=1 P j , where the P j 's are maximal ideals of O F . Fix an integer j with 1 ≤ j ≤ r. Suppose that F Pj := O F /P j is an extension of F p = Z/pZ of degree f j . Let F Pj be the completion of F at P j , and denote by O F P j its ring of integers. Fix an algebraic closure Q p of Q p ; let n be the positive least common multiple of the integers f 1 , . . . , f r and let E be the maximal unramified extension of Q p inside Q p having degree n over Q p , so that Hom(F, Q p ) = Hom(F, E).
Denote by O the ring of integers of E and let F be its residue field. Let σ be the arithmetic Frobenius of the extension E/Q p . Set:
where the labeling is chosen so that for any i we have σ • σ
i+1 ; here the subscripts are taken modulo f j . Denote by a bar the analogous morphisms for the residue fields, so that σ is the arithmetic Frobenius of the extension F/F p , and the elements of Hom(F Pj , F) = {σ
We let A F be the ring of adèles of F , and we denote by A ∞ F the subring of finite adèles. We let S f (resp. S ∞ ) be the set of finite (resp. infinite) places of F and we identify S f with the set of maximal ideals of O F .
Automorphic forms on definite quaternion algebras
We recall basic facts on automorphic forms on definite quaternion algebras over totally real number fields, following [28] and [17] ; cf. also [27] .
Fix a finite set Σ ⊂ S f disjoint from the set of places of F lying above p and such that #Σ + [F : Q] is even. Let D be a quaternion algebra over F whose ramification set is S ∞ ∪ Σ. Let O D be a fixed maximal order of D and for any
Let A be a topological Z p -algebra. Let v j := P j be a place of F above p, and let W τj be a free A-module of finite rank. Fix a continuous homo- 
We say that such a Hecke character ψ is compatible with τ . 
We assume that for all
/F × has order prime to p. This assumption is automatically satisfied if U is sufficiently small, as Lemma 1.1. of [28] implies that in this case 
Define a left action of (D
be a set of primes of F containing the ramification set of D, the primes above p, and the primes v for which U v is not a maximal compact subgroup
be the commutative polynomial A-algebra in the indicated indeterminates. 
Let D, U , τ , W τ and ψ be as in 4.1, and set A = O. Recall that we are assuming that ψ is compatible with (τ, W τ ), U is small enough, and p is odd. Denote by a bar the operation of tensoring over O with F. From now on we assume fixed a set S of primes of F containing the ramification set of D, the primes above p, and the primes v for which U v is not a maximal compact subgroup of D × v . The systems of eigenvalues considered below will always be with respect to the Hecke algebra T univ S,A for some topological O-algebra A : we will call such systems Hecke eigensystems. Wτ ) be a non-zero intertwining operator between F-representations of U . Then:
Lemma 4.7. Fix an O-linear weight (τ , W τ ) together with a compatible Hecke character
ψ : (A ∞ F ) × /F × → O × such thatψ =ψ. Let ϕ : (τ , Wτ ) → (τ ,1) ϕ induces a Hecke equivariant map ϕ * : Sτ ,ψ (U, F) → Sτ ,ψ (U, F);
2) Assume that ϕ is injective. If Ω is a Hecke eigensystem occurring in S τ,ψ (U, O), there is a finite extension of E with ring of integers O , and there is a Hecke eigensystem
so that ϕ * is Hecke-equivariant. Assume now that ϕ is injective, which also implies the injectivity of ϕ * . Let Ω be a Hecke eigensystem occurring in S τ,ψ (U, O); by Prop. 4.3, reduction modulo m O induces a Hecke equivariant surjection:
By Lemma 4.5, the Hecke eigensystem Ω(mod m O ) occurs in Sτ ,ψ (U, F), and hence in Sτ ,ψ (U, F). Applying Lemma 4.6 to the Hecke equivariant surjection 
Remarks on regular weights
For any integer j such that 1 ≤ j ≤ r fix tuples k (j) = (k
where the tensor products are over O. Letting the group GL 2 (O F P j ) act on the tensor factor Sym
0 , the space W (k (j) ,w (j) ) becomes a representation of GL 2 (O F P j ). We convene of viewing GL 2 (O F P j ) as a subgroup of GL 2 (O) via the embedding σ (j) 0 , and we write the GL 2 
, where the superscript [i] indicates twisting by the ith power of the Frobenius element σ.
Definition 4.9. We say that τ (k,w) is a regular weight if there exists an integer w such that: 
Proof. The reason for the first condition is straightforward, as the homomorphism τ (k,w) factors through
Let j be such that 1 ≤ j ≤ r and fix u ∈ O × F P j ; recall that we embed
where Id i denotes the identity map of (Sym
. The lemma now follows, as we need to have τ |O 
Lemma 4.12. Let w be an even integer. There exists a continuous Hecke character
ψ : (A ∞ F ) × /F × → Z × p such that: 1) ψ(u) = 1 for all u ∈ O × Fv , where v ∈ S f and v p; 2) ψ(u) = (Nm F P j /Qp (u)) w for all u ∈ O × F P j , where 1 ≤ j ≤ r.
Proof. The adèles norm map (
Proof. Since p > 2, the integer 1 − w is even. By Lemma 4.12, there exists a Hecke character ψ : 
and the Teichmüller liftα of α is a continuous character (
The O × -valued Hecke character ψ := ψ α −1 is compatible with τ (k ,w ) and satisfiesψ =ψ, so that the first part of the proposition is proved. The second part follows by applying Lemma 4.7.
Regular weight shiftings
Set A = O and let D, U , (τ, W τ ), and ψ be as in 4.1. Assume τ is regular of
The following is an example of a weight shifting result for automorphic forms of regular weight that can be obtained via the operators introduced in 3.5: 
Let j be any integer such that 1 ≤ j ≤ r and β = f j . Then for any i with 0 ≤ i ≤ f j − 1 and a 
The character ψ is compatible with the weight (k + a, w ) and it can be chosen so thatψ =ψ.
Proof. Recall that τ is an O-linear representation τ :
.
By regularity we have k
; using the notation introduced in Section 2, we can identifyW j with the F[GL 2 (F Pj )]-modulē
, where we see For any integer j with 1 ≤ j ≤ r, let 
fj−β and D [i] are the generalized D-operators for GL 2 (F Pj ) defined in 3.7.1. Set:
where the symbol denotes composition of functions, and each of the two composition factors is computed by ordering T j and D j in the natural way. The operators ϑ i give rise to morphisms of F[GL 2 (F Pj )]-modules via the scalar extensionσ
. By 3.5.1, i∈Tj ϑ (j) i is injective. If (i) is satisfied, the discussion in 3.7.1 implies that i∈Dj δ (k (1) , . . . , k (r) ) is such that k (j) = 2 for some j, we can then produce weight shiftings using the operators Θ Proof. This lemma follows by observing that the Grothendieck ring K 0 (SL 2 ) ofF p -linear algebraic group representations of SL 2 is generated by the standard representation, together with the fact due to Steinberg that any irreducible representation of G is obtained by taking F q -points of an algebraic representation. We present below also another proof, which will be useful later.
The abelian group K 0 (G) is freely generated by the q elements 
For n ≥ 0, the polynomial m n (X) is monic of degree n and f [n] (X) is monic of degree p n .
Lemma A.2. For any non-negative integer i, we have f
[i] (X) = X [i] in K 0 (G).
